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A detailed discussion on phase transition and microscopic structure of charged AdS black hole
with a global monopole is presented in both extended and alternate phase spaces. In the analysis of
critical behavior, the classical van der Waals analogy is drawn from isotherms which is followed by
Gibbs free energy study and coexistence curves. In both spaces the symmetry breaking parameter
η acts as a hindrance for critical behavior. The crux of van der Waals like behavior is investigated
by looking at the microscopic structure of the black hole via thermodynamic Ruppeiner geometry.
The Ruppeiner invariant scalar behaves differently in extended and alternate spaces. The monopole
parameter influences the microscopic structure of the black hole which in turn affects the critical
behavior. The effect is significant at the maximal strength of the monopole parameter.
I. INTRODUCTION
Black hole physics has changed from mere theoretical
importance to experimental aspects due to the observa-
tional advances like gravitational waves and black hole
imaging. However the theoretical developments are far
ahead of experiments due to its importance in several di-
rections like quantum mechanics, quantum gravity and
string theory. Black hole thermodynamics, a subdomain
of black hole physics, began with a quest for incorporat-
ing quantum mechanical nature to a black hole, which
had purely classical origin in general relativity. Since the
pioneering work in this regard by Hawking and Beken-
stein, black hole thermodynamics remains as an exciting
topic in contemporary research.
The first step taken in establishing such a domain by
Hawking and Bekenstein was by introducing a temper-
ature and entropy for a black hole which are related to
surface gravity κ and area of the black hole respectively
[1, 2]. The four laws of black hole thermodynamics par-
allel to classical thermodynamics were soon proposed by
taking mass of the black hole as internal energy [3–5].
The importance of AdS black holes in black hole thermo-
dynamics were realised in the early stage of these develop-
ments from the result that the thermodynamically stable
black holes exists only in AdS space. This is in contrast
to Minkowskian case, where black hole has a negative
specific heat and disappears by radiating Hawking radi-
ation. This happens because the boundary of AdS space
acts like walls of a thermal cavity. Inside this closed box
like space, below a certain temperature only radiation can
exist. But above that temperature the radiation becomes
unstable and hence collapses, resulting in the formation
of black holes. The black holes thus formed exists in two
forms, larger ones with positive specific heat which are lo-
cally stable, and smaller ones with negative specific heat
∗ naviphysics@gmail.com
† ahmedrizwancl@gmail.com
‡ dvaid79@gmail.com
§ ajithkm@nitk.ac.in
which are unstable. The phase transition between these
black holes and radiation at the transition temperature is
termed as Hawking Page transition [6, 7]. In high energy
physics the topic AdS space got the attention of larger au-
dience after the proposal of AdS-CFT correspondence by
Maldacena [8]. This gauge-gravity duality relates gravity
theory in a AdS space to the conformal field theories at
the boundary of that space. When Hawking Page transi-
tion is seen in the light of AdS-CFT language it appears
as confinement/deconfinement phase transition in quan-
tum chromodynamics[9].
The first progress beyond Hawking Page phase tran-
sition happened after the identification of a rich phase
structure isomorphic to van der Waals liquid gas system
in RN-AdS black hole [10, 11] and in Kerr RN-AdS black
hole [12]. Till then in all black hole thermodynamic stud-
ies the crucial thermodynamic variables pressure and vol-
ume were absent. The introduction of pressure term into
this field is done through cosmological constant Λ, which
also has other fundamental implications like the consis-
tency of Smarr’s relation with first law [13]. In this ap-
proach the conjugate quantity of cosmological constant
is taken as thermodynamic volume. At the same time
the expansion of phase space altered the first law of ther-
modynamics with a PdV term, giving a new interpreta-
tion to the mass of the black hole as enthalpy[14]. The
new perspective on mass and cosmological constant in
black hole thermodynamics resulted in phenomenal con-
sequences in this domain, enabling us to establish newer
analogies to the known phenomena in classical thermo-
dynamics. Understanding AdS black hole as a replica of
van der Waals system by Kubiznak et al. was a mile-
stone in this regard [15, 16]. In their work a detailed ac-
count of criticality of black hole is presented with P − v
isotherm, Gibbs free energy plot, coexistence curve and
critical exponents, which are all shown to be similar to
van der Waals case. Since then similar studies were con-
ducted on various AdS black holes on different contexts
but with universal features [17–22]. Other analogies to
classical thermodynamics like Joule Thomson expansion
[23], holographic heat engines [24], Clausius-Clapeyron
Equation [25] and reentrant phase transitions [26] were
2also made.
Another effective way of approaching phase transitions
in classical thermodynamics is thermodynamic geometry
on phase space. The essential part of this method is
the construction of a thermodynamic metric. The first
such metric is proposed by Weinhold in which hessian
of internal energy was the key entity, which is a func-
tion of entropy and other extensive quantity [27]. Later
another construction of metric was given by Ruppeiner
where, instead of internal energy, entropy is taken as gen-
erating function in the definition of hessian [28, 29]. This
new construction appears more appropriate for black hole
thermodynamics since the entropy of the black hole is
measured on the horizon, whereas the internal energy is
at the asymptotic infinity. However one can show that
these different constructions are related to each other
conformally with inverse of temperature as conformal
factor. In the fluctuation theory of equilibrium thermo-
dynamics inverse of Ruppeiner metric gives the second
moments of fluctuations. At the critical point, thermo-
dynamic scalar curvature becomes proportional to corre-
lation volume ξ of the thermodynamic system. In fact,
the curvature scalar contains the underlying microscopic
structure of the corresponding statistical system, which
shows diverging behavior near the critical point. The cur-
vature scalar vanishes for ideal gas since there is no inter-
molecular interaction. The interplay between geometry
and microscopic structure in thermodynamic geometric
method is extremely useful in black hole thermodynam-
ics since the exact knowledge of constituent information
of black hole is still a debatable issue. Several applica-
tions of thermodynamic geometry on different black hole
spacetimes revealed interesting results and newer possi-
bilities [30–40].
Recently there emerged a novel idea of identifying the
square of the charge of black hole (Q2) with fluid pres-
sure, which differs from earlier extended phase space
studies where cosmological constant is a variable [41].
The origin of this alternate phase space traces back to
the work of Chamblin et al., much before the introduc-
tion of thermodynamics in extended space [10]. Initially
the black hole charge (Q) was thought to be reasonable
to tune rather than cosmological constant, which has a
fixed value in general relativity. For a charged black hole
it is more natural to think charge as variable. In these
approaches energy differential corresponding to charge is
taken as ΦdQ with Φ = Q/r+, which induces the ther-
modynamics and phase structure somewhat similar to
extended phase space. While identifying the fluid pres-
sure with the charge of the black hole Q, the correspond-
ing conjugate quantity, the electric potential Φ is taken
as the candidate for volume of the fluid. However the
thermodynamics presented in this new space had some
drawbacks related to response function dQ/dΦ, which
lacks the proper physical meaning. This weakness of the
formalism is clearly seen in Maxwell construction as it
fails to remove the multivaluedness of Gibbs free energy
G. Such suspicious results are overcome in the alternate
phase space with Q2 − Ψ isotherms. In the alternate
phase space one can establish the similarities between the
thermodynamic behavior of AdS black holes and van der
Waals fluid. In this new approach, one can attribute the
phase transition of the black hole to its charge. In this
alternate point of view, mass of the black hole is taken
as function of square of the charge instead of charge it-
self. The conjugate variable for Q2 is the inverse of the
specific volume, Ψ = 1/v. The first law and Smarr for-
mula are also modified accordingly. In this new picture,
first detailed analysis in this regard on charged AdS black
hole showed the connection between thermodynamic ge-
ometry and critical behavior, as it was in extended phase
space [41]. In the successive studies, effect of quintessence
on RN-AdS black hole [42], critical behavior of Gauss
Bonnet black hole [43] and that of Lifshitz dilaton black
hole [44] via alternative phase space were reported. The
universality class and critical properties for generic AdS
black holes in general via alternative phase space were
also studied and the results were found to be similar to
van der Waals system [45]. The phase structure and criti-
cal behavior of Born-Infeld (BI) black holes in AdS space,
with variation of charge of the system and with fixed cos-
mological constant (pressure) is also studied [46]. In this
investigation it was found that the system admits a reen-
trant phase transition.
Monopoles are one among the defects like textures, do-
main wall and cosmic strings, which are formed during
the cooling phase of the early universe [47, 48]. These
topological defects are the consequence of a non-uniform
spontaneous symmetry breaking. Geometrically these
defects are the result of the impossibility of the shrink-
ing the vacuum manifold into a single point. Global
monopoles are formed during the symmetry breaking of
a self coupled triplet scalar field of SO(3) gauge sym-
metry spontaneously broken into U(1) gauge. The en-
ergy density of these global monopoles has a functional
dependence on radial distance as 1/r2 and exibit a solid
angle deficit of 8pi2η2 (where η is scale of gauge symmetry
breaking). The static black hole solution with a global
monopole was first obtained by Barriola and Vilenkin
[49], the topological structure of which is distinct com-
pared to Schwarzschild black hole solution. The physi-
cal properties of this black hole solution with monopole
are studied extensively [50–53]. The effect of global
monopole in superconductor/normal metal phase tran-
sition was first investigated by Chen et.al. [54]. Later in
the spacetime of this monopole black hole, the thermody-
namics and phase transitions are observed [55] and Joule
Thomson effect was also studied [56]. In all these studies
the global monopole showed its presence by affecting the
phenomena under consideration significantly. Motivated
by these results, in this paper we consider a charged AdS
black hole with a global monopole.
This paper is organized as follows. In section II we
present a brief overview of the charged AdS black hole
with a global monopole. This is followed by the study of
thermodynamics in extended space and alternate space in
3sections III and IV respectively. The microscopic struc-
ture of the black hole is investigated via thermodynamic
Ruppeiner geometry in both the spaces in section V. The
paper ends with section VI where we discuss our obser-
vations and results.
II. THE CHARGED ADS BLACK HOLE WITH
A GLOBAL MONOPOLE
We begin this paper by reviewing the details of charged
AdS black hole with a global monopole. The Lagrangian
density that characterises the simplest model with a
global monopole is [49],
Lgm = 1
2
∂µΦ
j∂µΦ∗j − γ
4
(
ΦjΦ∗j − η20
)2
, (1)
where Φj is self coupled scalar field triplet, γ is a self
interaction term and η0 is the energy scale of gauge sym-
metry breaking. The field configuration for the scalar
triplet which describe the monopole is,
Φj = η0h(r)
xj
r
(2)
where xj = {r sin θ cosφ, r sin θ sinφ, r cos θ} with xjxj =
r2. The generic metric ansatz for static spherically sym-
metric spacetime is,
ds˜2 = −f˜(r˜)dt˜2 + f˜(r˜)−1dr˜2 + r˜2dΩ2 (3)
where dΩ2 = dθ2 + sin2 θdφ2. The energy-momentum
tensor can be obtained from the Lagrangian density,
which is given by,
Tµν =
2√−g
∂
∂gµν
(Lgm√−g) = 2∂Lgm
∂gµν
− gµνLgm. (4)
The explicit forms of the components of Tµν are,
Ttt = f(r)
(
η20h
′2f(r)
2
+
η20h
2
r2
+
1
4
γη40(h
2 − 1)2
)
Trr =
1
f(r)
(
−η
2
0h
′2f(r)
2
+
η20h
2
r2
+
1
4
γη40(h
2 − 1)2
)
Tθθ = r
2
(
η20h
′2f(r)
2
+
1
4
γη40(h
2 − 1)2
)
Tφφ = r
2 sin2 θ
(
η20h
′2f(r)
2
+
1
4
γη40(h
2 − 1)2
)
.
Since h(r) linearly increases for r < (η0
√
γ)−1 and expo-
nentially approaches to unity when r > (η0
√
γ)−1, one
can approximate h(r) ≈ 1 outside the monopole core [49].
The solution of Einstein equation using (3) and (4) reads,
f˜(r˜) = 1− 8piη20 −
2m˜
r˜
. (5)
Incorporating the additional property, charge for the
black hole in four dimensional AdS space, the function
f(r) of the metric takes the form,
f˜(r˜) = 1− 8piη20 −
2m˜
r˜
+
q˜2
r˜2
+
r˜2
l2
. (6)
Where m˜, q˜ and l are the mass parameter, electric
charge parameter and AdS radius of the black hole, re-
spectively. Under the following coordinate transforma-
tions,
t˜ = (1− 8piη20)−1/2t , r˜ = (1− 8piη20)1/2r, (7)
and introducing new parameters
m = (1−8piη20)−3/2m˜ , q = (1−8piη20)−1q˜ , η2 = 8piη20 ,
(8)
we have the line element
ds2 = −f(r)dt2 + f(r)−1dr2 + ar2dΩ2, (9)
with
f(r) = 1− 2m
r
+
q2
r2
+
r2
l2
, and a = 1− η2. (10)
The electric charge (Q) and the Arnowitt-Deser-Misner
(ADM) mass (M) can be expressed as
Q = aq , M = am. (11)
At the event horizon r = r+ the function f(r) vanishes.
This condition can be used to determine the mass pa-
rameter. The ADM mass now has the following form,
M =
ar+
2
+
Q2
2ar+
+
ar3+
2l2
. (12)
III. THERMODYNAMICS IN EXTENDED
PHASE SPACE
In the extended phase space, the first law of thermo-
dynamics and Smarr relation reads as follows
dM = TdS +ΦdQ+ V dP , M = 2(TS − PV ) + ΦQ.
(13)
The crucial thermodynamic variable to begin with is the
entropy S of the black hole, which is related to the area
Abh of the event horizon,
S =
Abh
4
= piar2+. (14)
The soul of extended phase space lies in the identification
of cosmological constant (Λ) with the thermodynamic
variable pressure (P ), and association of its conjugate
quantity with the thermodynamic volume (V ),
P = − Λ
8pi
=
3
8pil2
, V =
4
3
piar3+. (15)
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FIG. 1: P − v isotherms in extended phase space. The critical behavior is seen below a critical temperature TC .
This behavior reduces with increase in η. In all these plots temperature is in decreasing order from top to bottom.
(We have set Q = 1 in every plot).
Using equation (12) in first law the Hawking temperature
(T ) for the black hole is an immediate result,
T =
(
∂M
∂S
)
P,Q
=
1
4pir+
(
1 +
3r2+
l2
− Q
2
a2r2+
)
. (16)
So far all the thermodynamic variables are modified
in the presence of global monopole, which has a mes-
sage within it about its role in influencing the thermody-
namics of the black hole. Since a charged black hole is
analogous to van der Waals fluid with the similar critical
behavior, the tuning of η will tune the phase transition
with enhancement or suppression effect [55].
Plugging equation (15) into (16) eliminates the cosmo-
logical constant and the rearrangement of the remaining
gives the equation of state for the black hole in the ex-
tended space,
P =
T
2r+
− 1
8pir2+
+
Q2
8pia2r4+
. (17)
The above form is known as geometric equation of state,
the variables in that are not having proper dimensions.
This is rectified by making proper scaling as follows,
P˜ =
~c
l2P
P , T˜ =
~c
k
T, (18)
where lP is the Planck length. The functional depen-
dence of the equation of state on r+ tempting us towards
the identification with van der Waals system at first sight.
The comparison is complete by relating specific volume v
to the horizon radius r+ as v = 2l
2
P r+. Finally we arrive
at the physical equation of state,
P =
T
v
− 1
2piv2
+
2Q2
pia2v4
. (19)
The characteristic P − v diagram (figure 1) is obtained
from this equation which has van der Waals like behav-
ior. The existence of three distinct regions with alternate
negative, positive and negative slopes is also a beacon for
critical behavior. The negative slope regions correspond
to stable state of the system, whereas the positive regions
are for unstable states since increase in volume with pres-
sure is physically meaningless. These unphysical regions
5can be handled via Maxwell construction where the oscil-
lating part of the isotherm is replaced by a straight line.
The Maxwell’s equal area law in extended phase space is
,
∮
V dP = 0. (20)
It is a well established result in the literature that,
in a canonical ensemble where the charge is fixed, the
asymptotically AdS black holes show a first order phase
transition analogous to van der Waals system terminat-
ing in a second order critical point [10]. The effect of
monopole parameter is seen in the series of plots (figure
1), where η consistently suppress the original behavior
of all the isotherms and bring them closer to the critical
isotherm. And it appears as if η removes the oscillating
isotherms at the upper limit of it’s strength. This may
be interpreted as the maximum value of η destroys the
van der Waals like nature of the charged black hole. But
later we will see in Gibbs free energy plots that the inher-
ent signature of criticality persists at least in the smaller
form (figure 2) in that limit.
The critical parameters can be obtained by utilising
the vanishing derivatives at the critical point,
(
∂P
∂v
)
T
=
(
∂2P
∂v2
)
T
= 0. (21)
Which are
Pc =
a2
96piQ2
, vc =
2
√
6Q
a
, Tc =
a
3
√
6piQ
. (22)
The presence of η in these parameters once again val-
idates our quest for its effect on thermodynamics of
charged black holes. Compared to the RN-AdS black
hole, critical quantities Pc and Tc decreases while vc in-
creases with η (since greater η corresponds to smaller a).
As in classical thermodynamics the critical behavior
of a system is more effectively represented by Gibbs free
energy G. This is because the thermodynamic potential
G measures the global stability in an equilibrium pro-
cess. In extended phase space the total Euclidean action
calculated for fixed Λ is associated with Gibbs free en-
ergy [15]. One can obtain the Gibbs free energy by the
Legendre transformation G = M − TS. In our case it is
calculated as follows,
G(P, T ) =
1
4
ar+
(
1− 8piPr
2
+
3
)
+
3Q2
4ar+
. (23)
The behavior of Gibbs free energy in terms of P is
illustrated in figure (2). The r+ in equation (23) was
replaced with r+(P, T ) from equation of state (17). For
T > Tc, G is single valued and hence locally stable. It
has a swallow tail nature below critical temperature (T <
Tc), which is a clear evidence that there is a first order
phase transition in the system. This phase transition
is between small black hole (SBH) and large black hole
(LBH). The effect of η in G − P plots comes into play
slowly when we increase its stength from zero to one.
The swallow tail region (unstable states) persists for all
values of η, but the presence of that shrinks the tail to a
smaller region. It appears as if the swallow tail disapears
for larger monopole strength but a more close observation
falsifies this illusion (shown in the inset of figures).
The coexistence of large black hole and small black
hole phases can be well depicted in a coexistence curve
in P − T plane. Along the coexistence curve the black
hole undergoes a first order phase transition. This can
be achieved either from Maxwell’s equal area law or from
Clausius-Clapeyron equation directly. Another elegant
way of obtaining this curve is by exploiting the fact that
the temperature and Gibbs free energy do coincide for
SBH (with radius r = r1) and LBH (with radius r = r2)
along the coexistence curve [15, 57].
We assert the following abbreviations for the simplifi-
cation of calculation,
r1 + r2 = x, r1r2 = y. (24)
The conditions which are mentioned earlier for coexis-
tence curve lead us to the set of three equations after
some routine algebra. Equating Gibbs free energy on
both sides,
1
r1
(
9Q2 + 3a2r21 − 8pia2Pr41
)
=
1
r2
(
9Q2 + 3a2r22 − 8pia2Pr42
)
(25)
which reduces to
3a2y − 8pia2Py(x2 − y)− 9Q2 = 0. (26)
Since the temperature on both sides are same, from equa-
tion of state we have,
T0 =
1
4pir1
(
1 +
3r21
l2
− Q
2
a2r21
)
(27)
T0 =
1
4pir2
(
1 +
3r22
l2
− Q
2
a2r22
)
. (28)
Equating the R.H.S of above two equations,
1
r31
(
a2r21 + 8piPa
2r41 −Q2
)
=
1
r32
(
a2r22 + 8piPa
2r42 −Q2
)
.
(29)
which simplifies to
8piPa2y3 +Q2(x2 − y) = a2y2. (30)
Adding the equations (27) and (28),
2T0 =
1
4pia2
[
a2r2
1
+8piPa2r4
1
−Q2
r3
1
+
a2r2
2
+8piPa2r4
2
−Q2
r3
2
]
, (31)
and simplifying,
8piT0a
2y3 = a2y2x+ 8piPa2y3x−Q2x(x2 − 3y). (32)
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FIG. 2: The swallow tail behavior of Gibbs free energy and its variation with η in the extended phase space. The
vander Waals like behavior persists for all values of η. The diminishing behavior is enlarged in inlets for close
examination. We have taken Q = 1.
The equations (26), (30) and (32) are solved for P − T
plane and the result is displayed in figure (3). The curve
is quite similar to the van der Waals system.
In the coexistence curve increase in η reduces the re-
gions for the coexistence, which in turn is another proof
for the aforementioned argument that monopole term is
a hindrance for critical behavior. This argument is based
on the defining feature of coexistence curve that, cross-
ing the curve stands for a first order phase transition and
the curve terminates at a second order transition point.
Lowering of termination point is related to the fact that
Pc and Tc reduces with increasing η. Smaller the region
of coexistence implies a smaller range of pressure and
temperature which gives phase transition.
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Critical Exponents
Here we compute the critical exponents α, β, γ, δ for
the black hole with monopole term in extended phase
space. These universal exponents describe the behavior
of response functions near the critical point. The ex-
ponent α is related to the specific heat, β characterizes
the order parameter, γ characterises the isothermal com-
pressibility and δ is the measure of flatness of the critical
isotherm. First we investigate the behavior of specific
heat CV , which can be obtained from the free energy,
F = G− PV = 1
2
(
ar+ − 2piTar2+ +
Q2
ar+
)
. (33)
From which entropy can be calculated
S(T, V ) = −
(
∂F
∂T
)
V
= piar2+ (34)
followed by the inference that CV = 0, since there is no
dependence on temperature T in equation (34). Since
CV ∝ |t|α the exponent α = 0.
The law of corresponding states is obtained by writing
the equation of state in terms of the reduced thermody-
namic variables,
p =
P
PC
, ν =
v
vC
, τ =
T
TC
(35)
the relevant among them are also written in a way how
much they differ from critical points as ν = 1 + ω and
τ = 1 + t. Using these and the expressions for critical
values (equation 22), the equation of state (19) reduces
to
p =
8
3
τ
ν
− 2
ν2
+
1
3ν4
. (36)
This equation is not altered by the presence of global
monopole. Therefore the remaining calculations on crit-
ical exponents are identical to charged AdS black hole
case [15]. Expanding the above around the critical point
we get
p = 1 +
8
3
t− 8
9
tω − 4
81
ω3 +O(tω2, ω4). (37)
Differentiating this with respect to ω and using Maxwell’s
equal area law we obtain,
p = 1+
8
3
t− 8
9
tωl− 4
81
ω3l = 1+
8
3
t− 8
9
tωs− 4
81
ω3s (38)
and
0 =
∫ ωs
ωl
ω(6t+ ω2)dω. (39)
The above two equations have unique solution ωs =
−ωl = 3
√−2t. Now we can calculate,
η˜ = VC(ωl − ωs) = 2VCωl = 6VC
√−2t. (40)
Since η˜ ∝ |t|β we have β = 1/2. Differentiating equation
(37) with respect to V and inverting,
∂V
∂T
∣∣∣∣
T
∝ −9
8
VC
TC
1
t
. (41)
And hence
κT = − 1
V
∂V
∂T
∝ 1
t
(42)
From κT ∝ |t|−γ we get γ = 1. The remaining critical
exponent δ is obtained by setting t = 0 in equation (37),
which is actually the shape of the critical isotherm,
p− 1 = − 4
81
ω3 (43)
Since p − 1 ∝ |ω|δ, δ = 3. All the critical exponents
are unaffected by the presence of η and exactly matches
with that of van der Waals system as in the case of RN-
AdS black hole. The critical exponents must satisfy the
universal scaling laws,
α+ 2β + γ = 2 , γ = β(δ − 1). (44)
Which are satisfied in our case. This means that the
SBH-LBH phase transition is analogous to van der Waals
liquid-gas system and belongs to the same universality
class.
8IV. THERMODYNAMICS IN ALTERNATE
PHASE SPACE
In this section we study the thermodynamics of the
black hole in an alternate approach. Here we identify
the square of the charge Q2 with fluid pressure and keep
the cosmological constant fixed. The mathematically in-
dependent conjugate variable is chosen to be inverse of
specific volume, Ψ = 1/v. We write the equation of state
in terms of Q2 followed by the study of critical behavior
of isotherms in Q2 − Ψ plane. We also investigate the
effect of global monopole in the phase transition in this
alternate approach for different values of η. First law
takes a modified form in alternative space as follows,
dM = TdS +ΨdQ2 + V dP (45)
with the corresponding Smarr formula,
M = 2(TS +ΨQ2 − V P ). (46)
From equations (12) and (45),
Ψ =
∂M
∂Q2
=
1
2ar+
. (47)
We begin by writing the equation of state as Q2(Ψ, T ).
For that we rearrange the expression for ADM mass
(equation 12) as,
Q2 = a2
[
r2+ +
3r4+
l2
− 4pir3+T
]
. (48)
Inserting equation (47) into this we obtain the equation
of state,
Q2 =
1
4
[
1
ψ2
+
3
4a2l2ψ4
− 2piT
aψ3
]
. (49)
From the equation of state one can obtain Q2 − Ψ
isotherms which are illustrated in figure(4). These
isotherms are analogous to van der Waals isotherms
showing a first order phase transition between a SBH
and LBH phases. Contrast to P − v isotherms, here we
have oscillating isotherms for T > TC . In those isotherms
the in termediate region has positive slope (∂Q2/∂Ψ > 0)
which corresponds to the unstable states and the other
two are negative slope regions representing stable states.
The physically irrelevant parts of the graph, i.e, the pos-
itive slope region and negative Q2 region are eliminated
by Maxwell construction. In the alternate phase space
Maxwell’s equal area law reads as∮
ΨdQ2 = 0. (50)
It is clear from the figure (4) that η changes the quantita-
tive behavior of the isotherms. As η approaches to unity
all isotherms tends towards the critical isotherm. This is
similar to the result we obtained in extended phase space
for P − v isotherms.
In the critical isotherm there is an inflection point at
which we can define the critical point,
∂Q2
∂Ψ
∣∣∣∣
TC
= 0,
∂2Q2
∂Ψ2
∣∣∣∣
TC
= 0. (51)
Which gives the critical parameters,
TC =
1
pil
√
2
3
, Q2C =
l2
36
a2, ΨC =
1
a
√
3
2l2
(52)
Unlike in the case of extended phase space, the critical
temperature is independent of a. The product of critical
parameters,
ρC = Q
2
CTCΨC =
a
36pi
(53)
In the limiting case η = 0 ⇒ a = 1 this reduces to the
universal constant ρC = 1/36pi which is consistent with
the result obtained in RN-AdS black hole [41].
To study more about phase transition we need Gibbs
free energy, which is obtained from the Legendre trans-
formation G =M − TS,
G(Q2, T ) =
1
4
ar+
(
1− r
2
+
l2
)
+
3Q2
4ar+
. (54)
In this expression r+ is understood as r+(Q
2, T ) from
equation (48). The behavior of Gibbs free energy in terms
of Q2 for different values of η are shown in figure (5). For
T > TC there exists three branches with discontinuities.
The branches A − B, B − C and X − Y corresponds
to small black hole (SBH), large black hole (LBH) and
intermediate black hole (IBH) phases respectively. For
higher Q2 values a SBH phase is preferred, because of
the fact that the free energy for SBH is larger compared
to LBH. In the smaller Q2 region LBH phase is favoured.
In between LBH and SBH phases there is a coexistence
point where two phases coexist. While crossing this crit-
ical point a first order phase transition occurs with the
release of finite latent heat. However these SBH and
LBH branches do not terminate at the coexistence point,
they continue little further which represents metastable
states. These metastable states stays for small interval of
time. In classical thermodynamics these states are called
super heating and super cooling phases. LBH and SBH
branches are joined together via an unstable phase IBH.
This IBH phase is separated by a finite jump from the
other two. At T = TC , G is single valued, continuous
but non analytic, corresponding to a second order phase
transition between SBH and LBH. For T < TC the trian-
gle BXY disappears, that is there is no sharp distinction
between SBH and LBH below the critical temperature.
Below that temperature one cannot say where the sys-
tem start being LBH or stop being SBH. As η increases
from zero to unity the swallow tail approaches the origin,
but the multivaluedness of G for T > TC remains. The
IBH phase is reduced to a smaller region with larger η
strength.
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FIG. 4: The Q2 −Ψ isotherms for charged AdS black hole with a global monopole. The plots are shows for different
values of η for the case of l = 1. The oscillatory behavior is displayed for temperatures above TC . The figures
illustrates the effect of η, where increasing its strength reduces the oscillatory behavior.
After studying the behavior of Gibbs free energy it is
necessary to explore the coexistence curve for SBH and
LBH. Along the coexistence curve SBH and LBH phases
coexists with same temperature and Gibbs free energy.
As in extended space calculations we take following ab-
breviations,
r1 + r2 = x, r1r2 = y. (55)
Equating the Gibbs free energy on both sides (we set
l = 1),
1
r1
[
3Q2 + a2(r21 − r41)
]
=
1
r2
[
3Q2 + a2(r22 − r42)
]
. (56)
In terms of x and y this reduces to,
3Q2 + a2y(x2 − y) = a2y. (57)
The temperature on both sides are given by equations
(27) and (28). Equating the R.H.S of those two equations
we have,
1
r31
(
a2r21 + 3a
2r41 −Q2
)
=
1
r32
(
a2r22 + 3a
2r42 −Q2
)
.
(58)
Which reduces to
3a2y3 +Q2(x2 − y) = a2y2. (59)
Adding the equations (27) and (28) we get,
2T0 =
1
4pia2
[
a2r21 + 3a
2r41 −Q2
r31
+
a2r22 + 3a
2r42 −Q2
r32
]
.
(60)
Changing the variables to x and y,
8piT0a
2y3 = a2y2x+ 3a2y3x−Q2x(x2 − 3y). (61)
The coexistence line is obtained by solving the equations
(57), (59) and (61) for Q2 − T plane. The coexistence
curve in alternate phase space is shown in figure (6).
Since TC is independent of η, all curves begins from the
same point for all values of η. Yet η contributes to the co-
existence curve, which is evident from the figure (6), with
reduction of coexistence region on increasing η. (Note
that Q2C depends on η).
10
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
Q2
G
η  0
0.010 0.012 0.014 0.016 0.018 0.020 0.022 0.024
0.10
0.11
0.12
0.13
0.14
IBH
LBH
SBH
Critical point
(a)
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
Q2
G
T  TC
T > TC
T < TC
η  0.3
0.010 0.012 0.014 0.016 0.018 0.020 0.022 0.024
0.090
0.095
0.100
0.105
0.110
0.115
0.120
(b)
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
Q2
G
T  TC
T > TC
T < TCη  0.6
0.004 0.006 0.008 0.010 0.012
0.060
0.065
0.070
0.075
0.080
0.085
0.090
(c)
0.00 0.01 0.02 0.03 0.04
0.00
0.02
0.04
0.06
0.08
0.10
0.12
Q2
G
T  TC
T > TC
T < TCη  0.9
0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.0010
0.020
0.021
0.022
0.023
0.024
0.025
(d)
FIG. 5: Gibbs free energy plots for different values of η. In the inlet of figure (5a) the SBH, LBH and IBH branches
are shown. The critical point where the first order transition takes place also marked. In all these figures for
T > TC , there is a swallow tail behavior. When η increases this swallow tail diminishes and it is enlarged in inlets.
Critical exponents
As we mentioned earlier the critical exponents charac-
terizes the behavior of thermodynamic functions near the
critical point. The critical exponents in alternate phase
space are calculated as follows. We start by defining the
reduced thermodynamic variables
Ψr ≡ Ψ
ΨC
, Q2r ≡
Q2
Q2C
, Tr ≡ T
TC
. (62)
The reduced variables are then written as Tr = 1 + t,
Ψr = 1 + ψ and Q
2
r = 1 + Q, where t, ψ and Q are the
deviation from the critical point. To find the exponent α
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different values of η. The coexistence phase exists only
for T > TC . Critical points are labeled with a circle.
we consider the entropy as a function of temperature T
and Ψ = 1/(2ar+),
S = S(T,Ψ) =
pi
4aΨ2
(63)
which is independent of temperature T . Therefore the
specific heat at fixed Ψ vanishes,
CΨ = T
∂S
∂T
∣∣∣∣
Ψ
= 0. (64)
The vanishing CΨ implies that α = 0, since CΨ ∝ |t|α.
The equation of state (48) can be written in terms of re-
duced thermodynamic variables (equation 62) as follows,
Q2r =
6
Ψ2r
+
3
Ψ4r
− 8Tr
Ψ3r
. (65)
This law of corresponding states is independent of a and
l. Therefore the results using this expression will be
identical to that of RN-AdS black hole[41]. Ignoring the
higher order terms, near the critical point equation (65)
takes the following form
Q = −8t+ 24tψ − 4ψ3 + o (tψ2, ψ4) . (66)
The Maxwell’s equal area law and the derivative of equa-
tion (66) with respect to ψ at a fixed t > 0 yields,
Q = −8t+ 24tψl − 4ψ3l = −8t+ 24tψs − 4ψ3s (67)
0 = ΨC
∫ ψs
ψl
ψ(24t− 12ψ2)dψ. (68)
Keeping the analogy between the volumes of liquid and
gas system, the inverse of specific volumes of LBH and
SBH are identified with ψl and ψs. The above equations
have the nontrivial solution
ψs = −ψl =
√
6t. (69)
This gives the order parameter near the critical point,
|ψs − ψl| = 2ψs = 2
√
2t1/2 ⇒ β = 1/2. (70)
Now let’s consider the critical exponent γ, which de-
termines the functional behavior of χT near the critical
point as,
χT =
∂Ψ
∂Q2
∣∣∣∣
T
∝ |t|−γ . (71)
From equation (66) we get,
χT =
ΨC
24Q2Ct
⇒ γ = 1. (72)
And finally considering Q at t = 0 we have Q = −4ψ3 ⇒
δ = 3 which depicts the shape of the critical isotherm as
in extended phase space. All the critical exponents ob-
tained are same as in extended phase space, i.e., matches
with van der Waals system.
Now that the black hole shows phase transitions one
may be interested about the microscopic structure of that
black hole. Before investigating it we make some remarks
about extended and alternate phase spaces. While ob-
serving the thermodynamics of black hole in extended
phase space we could make the correspondence to van
der Waals system. The same inference in alternate space
affirms that this new approach is as good as the old one.
However we note that taking Q2 as a thermodynamic
variable than cosmological constant makes more sense
physically for a charged black hole. In this way we can
attribute the critical behavior to the charge of the black
hole. The additional parameter η do not change this well
established notion.
V. THERMODYNAMIC GEOMETRY AND
MICROSCOPIC STRUCTURE
Finally we investigate the microscopic structure of the
black hole under consideration by using Ruppeiner ge-
ometry. In fact this is the explicit form of the inherent
geometric structure of thermodynamics. In thermody-
namic fluctuation theory probability of any fluctuation
is proportional to the exponential of invariant line ele-
ment defined in the thermodynamic information geome-
try. The metric correspond to this invariant Ruppeiner
line element is defined as
gij = − ∂
2S
∂X i∂Xj
, (73)
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where X i is any other thermodynamic extensive variable.
Usually for calculation purpose the above metric is writ-
ten in Weinhold form,
gij =
1
T
∂2M
∂Y i∂Y j
. (74)
The scalar curvature obtained from this metric, known
as Ruppeiner invariantR, contains the information about
the first order phase transition. This is shown in R − T
plane, where the multivaluedness of R display the coexis-
tence of LBH and SBH, which in turn correspond to the
multivaluedness of thermodynamic potentials. Actually
the curvature scalar R gives insights into the microscopic
structure and the BH molecular interaction at the hori-
zon. More precisely the magnitude of R is the measure of
strength of the interaction and its sign is the indicator of
nature of microscopic interaction. In the context of quan-
tum interactions it is shown that negative R indicates an
attractive Bosonic interaction and positive R is the indi-
cation of repulsive Fermi interactions [58]. Whereas for
anyon gas the description is different where both attrac-
tive and repulsive statistical interactions are possible. In
this case for Bose-like attractive interactions R is positive
and for Fermi-like repulsive interactions R is negative
[59]. If R = 0 then there is no interaction like ideal gas
system. However in the framework of black hole thermo-
dynamics a proper physical and analytical interpretation
is not yet well established. The ambiguous notion of in-
terpretation still remains because sign of R changes for
different ensembles [60]. The difficulty in addressing this
question is due to lack of knowledge about constituents
of black hole. Nevertheless it is an accepted convention
that |R| is the measure of stability of the black hole.
A. Extended Phase Space Geometry
The curvature scalar in extended phase space is cal-
culated by taking the coordinates Y i = (S, P ) and per-
forming usual Riemannian geometry calculation via the
metric components,
R =
2piQ2 − aS
8PS3 + aS2 − piQ2S . (75)
As we discussed earlier the curvature scalar R is having
branches in the vicinity of first order phase transition.
Along the transition line the branches of R corresponds
to LBH and SBH, and they join at the critical point. We
obtain the analytical expressions for those two branches
by adopting the following method. The similar analysis
of R−χ plots for different spacetimes in various scenarios
are discussed in literature [41, 61–64].
Under Maxwell construction in P −V plane two points
(P0, V1) and (P0, V2) in the isotherm T = T0 are joined by
a line. These points corresponds to SBH and LBH with
event horizon r1 and r2 at first order transition point.
From Maxwell’s equal area law in extended phase space,
P0(V2 − V1) =
∫ r2
r1
PdV. (76)
With r1 = xr2 this reduces to
2P0 =
1
(1 + x+ x2)
[
3
2
T0(1 + x)
r2
− 3
4pir22
+
3Q2
4pia2r42x
]
(77)
Pressure at those two points can be written as
P0 =
T0
2r1
− 1
8pir21
+
Q2
8pia2r41
(78)
and
P0 =
T0
2r2
− 1
8pir22
+
Q2
8pia2r42
. (79)
Adding (78) and (79) we get
2P0 =
T0(1 + x)
2r2x
− (1 + x
2)
8pir22x
2
+
Q2(1 + x4)
8pia2r42x
4
, (80)
and equating R.H.S. of the same set of equations,
0 = T0 − 1
4pi
(1 + x)
r2x
+
Q2(1 + x2)(1 + x)
4pia2r32x
3
. (81)
Solving equation (77), (80) and (81) simultaneously we
obtain
r2 =
Q
ax
√
1 + 4x+ x2 (82)
P0 =
3a2x2
8piQ2 (x2 + 4x+ 1)
2
(83)
and
χ =
3
√
6x(x + 1)
(x2 + 4x+ 1)
3/2
(84)
where χ = T/TC (0 < χ ≤ 1). Using the above results
the curvature scalar for two branches can be written in
terms of x
R1 = −
a
(
x2 + 4x− 1)
4piQ2x(x+ 1) (x2 + 4x+ 1)
(85)
R2 =
ax2
(
x2 − 4x− 1)
4piQ2(x + 1) (x2 + 4x+ 1)
. (86)
From this we obtain R−χ plot which is shown in figure
(7).
The LBH branch R2 is always negative which indi-
cates the kind of interaction is like ideal Bose gas, i.e.
attractive in nature. However when the temperature de-
creases the scalar curvature approaches zero, implying
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FIG. 7: The Ruppeiner scalar curvature R along the transition curve in extended phase space. Fig (7a) is the
enlarged portion near the critical point and crossing point of LBH and SBH branch. The solid red line corresponds
to LBH and dotted blue line corresponds to SBH. In the second plot (7b) the effect of η is shown for different values.
The last two (7c and 7d) shows the behavior at η = 0 and η → 1 respectively. Even though the functional behavior
remains same when η approaches unity the magnitude of R for SBH reduces drastically. (We set Q = 1).
that the interaction strength decreases and the interac-
tion changes from ideal Bose like gas to classical ideal
gas. Therefore the constituents of extremal LBH is much
like classical ideal gas particles. The SBH branch R1
vanishes at T = 0.75TC, negative for T > 0.75TC and
positive for T < 0.75TC. From this we can say that SBH
constituents behaves like anyon gas in the non extremal
case and the extremal SBH resembles the ideal Fermi gas.
Both LBH and SBH share two points with same R value,
one at critical point and the other one at the crossing
point. At both points R is negative and at the critical
point RC = a/(12piQ
2). From the R−χ plots we can say
that, for 0.75TC < T < TC the outward degenerate pres-
sure due to repulsive nature of the interaction in SBH
will expand it and form LBH, which is a first order phase
transition. On the other hand in the region T < 0.75TC
such an interpretation is not feasible because both have
attractive interaction. The role of η can be seen as a
parameter which affects only the extremal SBH, without
affecting the extremal LBH. In the non extremal stretch
of both SBH and LBH, η has no significant effect.
B. Alternate Phase Space Geometry
The curvature scalar in alternate phase space is ob-
tained by choosing Y i = {S,Q2} as coordinates,
R =
pia+ 6S
3S2 + piaS − pi2Q2 . (87)
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FIG. 8: The Ruppeiner scalar curvature R along the transition curve in alternate phase space. Figure (8a) is the
zoomed in portion near the critical point. Blue dotted line represents SBH phase and red line corresponds to LBH
phase. In the figure (8b) the effect of η is depicted for different values. Figures (8c) and (8d) are drawn in
logarithmic scale. In the limit η → 1 both branches shift equally but the characteristic behavior remain same.
The expression for two branches of R for SBH and LBH
are constructed from Maxwell’s equal area law in alter-
nate phase space
Q20(Ψ2 −Ψ1) =
∫ r2
r1
Q2dΨ. (88)
In Q2−Ψ plane two points (Q20,Ψ1) and (Q20,Ψ2) in the
isotherm T = T0 are joined by a line under Maxwell con-
struction. These points correspond to SBH and LBH
with event horizon r1 and r2 at first order transition
point. The above integral reduces to
Q20 = a
2
[
−2piT0xr32(1 + x) + xr22 +
xr42
l2
(1 + x+ x2)
]
(89)
where we have taken r1 = xr2 as before. Writing equa-
tion of state (48) at those points,
Q20 = a
2
[
3r41
l2
+ r21 − 4pir1T0
]
(90)
and
Q20 = a
2
[
3r42
l2
+ r22 − 4pir2T0
]
. (91)
Equating the R.H.S. of the above two equations we get
0 =
[
3
l2
r22(1 + x
2) + 1
]
(1+x)−4piT0r2(1+x+x2) (92)
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and adding the same set of equations we have,
2Q20 = a
2
[
3
l2
r42(1 + x
4) + r22(1 + x
2)− 4piT0r32(1 + x3)
]
.
(93)
Combining equations (89), (92) and (93), with a new
variable χ = T/TC (0 < χ < 1), we get
r2 =
l√
1 + 4x+ x2
, (94)
Q2 =
a2l2x2
(x2 + 4x+ 1)
2
(95)
and
χ =
√
3
2
(x+ 1)√
x2 + 4x+ 1
. (96)
Finally we have the two branches of curvature scalar
in terms of x,
R1 =
(
x2 + 4x+ 1
) (
7x2 + 4x+ 1
)
4piax3(x + 1)
(97)
R2 =
(
x2 + 4x+ 1
) (
x2 + 4x+ 7
)
4pia(x+ 1)
(98)
From this we have R−χ plot which is shown in figure
(8).
The behavior of R in alternate space is different from
that of in extended phase space. Here both R1 and R2 are
always positive, and hence the interaction is repulsive for
LBH as well as SBH. The gap between two phases widens
starting from critical point and they never cross each
other. In the SBH branch R increases rapidly as temper-
ature reaches T = 1.22TC. The SBH to LBH transition
can be interpreted as the continuous expansion driven
by the degenerate pressure in the interior of SBH. Since
very large R indicates a strong repulsion among the con-
stituents we can say that the black hole near T = 1.22TC
behaves like a ideal Fermi gas near T = 0, where the de-
generate pressure due to Fermi exclusion principle domi-
nates over the thermodynamic interaction. The presence
of η enhances this behavior to a larger extent. The in-
creasing gap between the branches for larger values of η
is a clear indication that η is a hindrance for the phase
transition. The LBH branch is less affected for all values
of η except when η → 1. In the maximal strength of η,
both LBH and SBH branches are shifted to larger values,
i.e., higher the repulsive interaction in the interior.
VI. RESULTS AND DISCUSSION
In this paper we have studied various aspects of phase
transition and thermodynamic geometry of charged AdS
black hole with a global monopole. The classical isother-
mal study, Gibbs free energy plots, coexistence curve and
thermodynamic curvature scalar behavior is analysed in
two different descriptions, i.e., in extended phase space
and in alternate phase space. In both approaches it was
found that the black hole shows a first order phase tran-
sition analogous van der Waals liquid-gas system. The
presence of global monopole parameter η in the equation
of state has a consequence in thermodynamics and cor-
responding geometry. The effect of η can be summarised
as, the presence of that changes the microstructure of the
black hole resulting in reduced critical behavior.
In the extended phase space the P − v diagram looses
it’s characteristic behavior with the increase in strength
of η (figure 1). This can be interpreted as the van der
Waals like behavior is suppressed by η. When η is zero
the result obtained in RN-AdS black hole is recovered.
However some general conclusions can be drawn. The
thermodynamic potential G shows swallow tail behavior
below critical temperature indicating a first order tran-
sition for all values of monopole parameter. Nonetheless
for high pressure values SBH is preferred and low pressure
region favors LBH. The η gradually decreases the region
available for LBH phase and at maximal strength only a
negligible region is accessible for LBH (figure 2). With
the help of parametric solution from Maxwell’s equal area
law we obtained coexistence curve. The coexistence re-
gion depends on the symmetry breaking parameter η,
which decreases with increase in η (figure 3). The criti-
cal exponents are also calculated which are unaffected by
η and matches with their universality class. Finally, the
microscopic structure of the black hole is investigated in
the extended phase space, where the effect of η is also
studied. The sign of curvature scalar is negative for LBH
and approaches to zero at T → 0, whereas for SBH it has
both negative and positive sign at different region with a
divergence at T → 0. Making analogy to quantum gases,
the LBH interaction resembles Bose gas and SBH inter-
action is anyon like. However the extremal limit of these
black holes are different. In the extremal limit SBH looks
like ideal Bose gas and LBH interaction is similar to ideal
gas. The presence of η decreases the Bose-like behavior
of extremal SBH and do not affect exteremal LBH.
In the second approach we have studied thermody-
namics of the same black hole in alternate phase space.
Where Q2 is considered as a thermodynamic quantity
keeping cosmological constant fixed. The black hole
shows similar behavior as in extended space, confirming
the existence of a first order transition. The isotherms
are studied in Q2−Ψ plane which show the oscillatory be-
havior. In contrast to extended phase space, where the
unstable region is for T < TC , here the oscillatory be-
havior is displayed for T > TC . However this behavior is
comparable to van der Waals fluid. In this point of view
also the system is influenced by the presence of η which
tries to diminish the critical behavior. We calculated the
critical quantities TC , PC and Q
2
C among which only TC
is independent of monopole parameter. The Gibbs free
16
energy is obtained as a function G(Q2, T ) and plotted
against Q2. It shows swallow tail behavior for T > TC
confirming the earlier contrasting result. In the higher
Q2 region SBH phase is observed and in the lower Q2
region LBH phase is seen. Increasing η reduces the G
value of LBH phase by bringing down the swallow tail.
The coexistence curve in Q2 − T plane is also affected
by the global monopole, where it is observed that coex-
istence region decreases with increase in η. We also note
that the coexistence phase exists only above the temper-
ature TC . At the end we studied the microstructure in
alternate phase space by analysing R − χ curve. Differ-
ing from extended phase space both the LBH and SBH
phases have positive curvature scalar with same kind of
interaction. The positive sign of R tells that the con-
stituents of the black hole behaves as Fermi gas with a
strong repulsive force within it. At T = 1.22TC curva-
ture scalar becomes very large and hence the situation
is much like Fermi gas at T → 0. The parameter η in-
fluences prominently in SBH branch than LBH branch
except for the limit η → 1 where both branches shift
together significantly. Otherwise η increases the gap be-
tween these two phases making the phase transition less
feasible.
In extended and alternate phase space studies of the
black hole the phase struture results are similar but they
differ in inferring the microstructure. This discrepancy
can be seen as the lack of proper formalism in under-
standing the black hole constituents. In Ruppeiner ge-
ometry the curvature scalar will give an indication only
about the type of interaction but not about the black
hole constituents. The identifications made in this work
for the black hole microstructure with Fermi, anyon and
Bose gases are phenomenological and the exact interpre-
tation is still an open question. However we assert that
the presence of global monopole η will play significant
role in influencing the interaction force irrespective of
the formalism.
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